Rules for integrands of the form u (a + b ArcSec[c x])"

1. j(a+bAr‘cSec[c x])"dx when nez*

1:

ArcSec[c x] dx

Reference: G&R 2.821.2, CRC 445, A&S 4.4.62
Reference: G&R 2.821.1, CRC 446, A&S 4.4.61
Derivation: Integration by parts

Rule:

1 1
JAr‘cSec[c X] dx — xArcSec[cXx] - — J— dx
1

Program code:

Int[ArcSec[c_.*Xx_],x_Symbol] :=
xxArcSec[cxx] - 1/c*Int[1/ (x*Sqrt[1-1/(c"2xx"2)]),x] /;
FreeQ[c,Xx]

Int[ArcCsc[c_.*x_],x_Symbol] :=
X*ArcCsc[cxx] + 1/c*xInt[1/ (X*Sqrt[1l-1/(c"2xx"2)]),X] /;
FreeQ[c,Xx]



Rules for integrands of the form u (a+b arcsec(c x))™n

2: J(a +bArcSec[cx])"dx when nez*

Derivation: Integration by substitution

Basis: 1 == % Sec[ArcSec[c x] ] Tan[ArcSec[c X] ] OxArcSec|[c X]

Rule: If n € Z*, then

1
J(a +bArcSec[cx])"dx — — Subst [J(a +bx)"Sec[x] Tan[x] dx, X, ArcSec[c x]]
c

Program code:

Int[ (a_.+b_.*ArcSec[c_.*x_])”n_,x_Symbol] :=
1/c*Subst [Int[ (a+bxXx)*n*xSec [x]*Tan[x],x],X,ArcSec[cxXx]] /;
FreeQ[{a,b,c,n},x] && IGtQ[n,0]

Int[ (a_.+b_.*ArcCsc[c_.*x_])”n_,x_Symbol] :=
-1/c*Subst[Int[ (a+bxx) nxCsc[x]*Cot[x],x],X,ArcCsc[cxx]] /;
FreeQ[{a,b,c,n},x] && IGtQ[n,0]



Rules for integrands of the form u (a+b arcsec(c x))™n

2. j(d x)™ (a+bArcSec[cx])"dx when nez*

1. J(dx)"‘ (a+bArcSec[cx]) dx

a+bArcSec[cx]
1: j— dx

X

Derivation: Integration by substitution

Basis: ArcSec [z] == ArcCos [ ﬂ

B . Fl1] F 1 1
Basis: = —Subst[—[xﬂ, X, ﬂ ox L

Rule:
a+bArcSec[cx] a+bAr‘cCos[cix] a+bAr‘cCos[§] 1
——dx — —_——dx — —Subst[ —dx, X, —]
X X " .

Program code:

Int[ (a_.+b_.xArcSec[c_.*Xx_])/X_,x_Symbol] :=
-Subst[Int[ (a+bxArcCos[x/c]) /x,X],X,1/x] /;
FreeQ[{a,b,c},x]

Int[ (a_.+b_.xArcCsc[c_.*Xx_])/X_,x_Symbol] :=
-Subst [Int[ (a+bxArcSin[x/c])/x,x],x,1/x] /;
FreeQ[{a,b,c},x]



Rules for integrands of the form u (a+b arcsec(c x))™n

2: J(d x)" (a+bArcSec[cx]) dx whenm# -1

Reference: CRC 474
Reference: CRC 477
Derivation: Integration by parts

Rule: If m + -1, then

(dx)™?! (a+bArcSec[cx])

bd

J-(d x)™ (a + bArcSec[cx]) dx —
d(m+1)

Program code:

Int[(d_.*x_)"m_.*(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :=
(d*x)~ (m+1) % (a+bxArcSec[c*x]) / (d* (m+1)) -
bxd/ (cx (m+1) ) *Int [ (d*x)” (m-1) /Sqrt[1-1/ (c*2xx"2)],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]

Int[(d_.*x_)"m_.*(a_.+b_.*ArcCsc[c_.*x_]),x_Symbol] :=
(d*x)~ (m+1) * (a+bxArcCsc[c*x]) / (d* (m+1) ) +
bxd/ (cx (m+1) ) *Int [ (d*xx)~ (m-1) /Sqrt[1-1/ (c*2xx"2)],x] /;
FreeQ[{a,b,c,d,m},x] && NeQ[m,-1]

c (m+1)

J




Rules for integrands of the form u (a+b arcsec(c x))™n

2: |x" (a+bArcSec[cx])"dx whenneZA meZ A (n>0 V m< -1)

Derivation: Integration by substitution

Basis: If m € zZ, then
x" F[ArcSec[c x] ] = — Subst{F[x] Sec[x]™!Tan[x], X, ArcSec|c x]} Ox ArcSec[c X]

cm+1

Rule:lf nezAmez A (n>0 V m< -1),then

1
Jx“‘ (a+bArcSec[cx])"dx — — Subst [J(a +bx)"Sec[x]™?* Tan[x] dx, x, ArcSec[c x]]
c +

Program code:

Int[x_"m_.x(a_.+b_.xArcSec[c_.*x_])”n_,x_Symbol] :=
1/c” (m+1) *Subst [Int[ (a+bxXx)*nxSec [x]” (m+1) *Tan[x],X],X,ArcSec[c*x]] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] && IntegerQ[m] && (GtQ[n,0] || LtQ[m,-1])

Int[x_"m_.*(a_.+b_.*ArcCsc[c_.*x_])"n_,x_Symbol] :=
-1/c”(m+1) *Subst [Int[ (a+bxx)*nxCsc[x]” (m+1) xCot[x],Xx],X,ArcCsc[c*xx]] /;
FreeQ[{a,b,c},x] &% IntegerQ[n] && IntegerQ[m] && (GtQ[n,0] || LtQ[m,-1])



Rules for integrands of the form u (a+b arcsec(c x))™n

3. j(d+ex)"‘ (a+bArcSec[cx]) dx

a +bArcSec[cx]
1: J— dx

d+ex

Derivation: Integration by parts

Basis:
A/ _¢2 42 2 i ArcSec[c x] Ny d2+e2 (eJiArcSec[cx] )

1 __ 1 (e ctdive ) ¢ (e+ c ) 2 1 ArcSec[c X]
2 =10, |Llog|1+ - +Log|1+ - Log[1+e ]
Basis:

: 242, a2 i ArcCsc[c x] : \/m el ArcCsclcx] )

i __ 1 . (e ctdre ) € N (e+ ) 2 1 ArcCsc[c x]
diex eOX Log[l cd +Log |1 ppr Log[l e }
Rule:

a +bArcSec[cx]

—dx —

J\ d+ex
[em] o hreseciex [em] e hresectex
(a + bArcSec[cx]) Log[1+ o ] (a + bArcSec[c x]) Log[1+ o
e ’ e )
(e—“' _c2 d?+e? } @i Arcseccx]
(a+bArcSec[cx]) Log[1+e?iAreseclex]] JL°8[1+ "
- — dx -
e ce

2 1
X 1-5=
c2x?

(e+*’ _c2 d?+e? ] @i Areseccx]

LJLOg[1+ <d ] b Log[l_'_ez:ﬁ.Ar‘cSec[cx]] 4

dx + —
ce ce
XZ I_L 2 1

X -
2 x? 2 x?

X

Program code:



Rules for integrands of the form u (a+b arcsec(c x))™n

Int[ (a_.+b_.*ArcSec[c_.*x_])/(d_.+e_.*x_),x_Symbol] :=
(a+bxArcSec[cxx]) *Log[1+ (e-Sqrt[-c”2xd*2+e”2]) xE” (IxArcSec[c*Xx]) / (cxd)]/e +
(a+bxArcSec[cxx]) xLog[1+ (e+Sqrt[-c”*2xd”2+e”2]) xE” (IxArcSec[cxx])/ (cxd)]/e -
(a+bxArcSec[c*x]) *Log[1+E”~ (2+IxArcSec[c*x])]/e -
b/ (cxe) *xInt[Log[1+ (e-Sqrt[-c”2xd”2+e”2]) *E~ (IxArcSec[c*Xx]) / (c*xd) ]/ (x*2%xSqrt[1-1/ (c”2%xx"2)]),x] -
b/ (cxe) *Int[Log[1+ (e+Sqrt[-c~2xd~2+e”2]) xE~ (IxArcSec[c*X]) / (cxd) ]/ (x*2+Sqrt[1-1/ (c 2xx"2)]),X] +
b/ (cxe) *xInt[Log[1+E" (2xIxArcSec[c*x]) ]/ (x*2%Sqrt[1-1/ (c”2xx"2)]),x] /;

FreeQ[{a,b,c,d,e},x]

Int[(a_.+b_.*ArcCsc[c_.*x_])/(d_.+e_.*x_),x_Symbol] :=
(a+bxArcCsc[c*x]) *Log[1-Ix (e-Sqrt[-c*2xd”2+e”2]) *E”~ (IxArcCsc[cxXx])/ (cxd)]/e +
(a+bxArcCsc[cxx]) *Log[1-Ix (e+Sqrt[-c”2xd”2+e”2]) *E~ (IxArcCsc[cxXx])/ (cxd)]/e -
(a+bxArcCsc[c*x]) xLog[1-E”~ (2xIxArcCsc[c*x])]/e +
b/ (cxe) *Int[Log[1-I* (e-Sqrt[-c*2xd”*2+e”2]) *E” (IxArcCsc[cxXx]) / (cxd)]/ (x*2xSqrt[1-1/ (c*2xx"2)]),x] +
b/ (cxe) *Int[Log[1-Ix (e+Sqrt[-c~2xd”*2+e”2]) *E” (IxArcCsc[c*xXx]) / (cxd)]/ (x*2xSqrt[1-1/ (c" 2xx"2)]),x] -
b/ (cxe) *Int[Log[1-E” (2xIxArcCsc[cxX]) ]/ (X 2xSqrt[1-1/ (c*2xx"2)]),Xx] /;

FreeQ[{a,b,c,d,e},x]



Rules for integrands of the form u (a+b arcsec(c x))™n

2: J(d+ex)'" (a+bArcSec[cx]) dx whenm# -1

Derivation: Integration by parts

Basis: Ox (a + b ArcSec[c x]) ==

Rule: If m # -1, then

J(d+ex)’“ (a+bArcSec[cx]) dx — - dx

e (m+1) ce (m+1)

(d + ex)™?! (a+bArcSec[cx]) b J (d +ex)™?

Program code:

Int[(d_.+e_.*x_)"m_.*(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :=
(d+exx)~ (m+1) * (a+bxArcSec[cxx]) / (ex (m+1)) -
b/ (cxex (m+1) ) *Int[ (d+exx) " (m+1) / (x*2xSqrt[1-1/ (c”2%xx"2)]),x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[m,-1]

Int[(d_.+e_.*x_)"m_.*(a_.+b_.*ArcCsc[c_.*x_]),x_Symbol] :=
(d+exx)~ (m+1) * (a+bxArcCsc[cxx]) / (e*x (m+1)) +
b/ (cxex (m+1) ) *Int[ (d+exx) " (m+1) / (x*2xSqrt[1-1/ (c”2%xx"2)]),x] /;
FreeQ[{a,b,c,d,e,m},x] && NeQ[m,-1]



Rules for integrands of the form u (a+b arcsec(c x))™n

4. J(d+ex2)p (a +bArcSec[cx])"dx when nez*

1: J(d+ex2)p (a+bArcSec[cx]) dx when pez*V p+ %eZ‘

Derivation: Integration by parts and piecewise constant extraction

bc
c2x? \/c2x%-1

Basis: Ox (a + b ArcSec[c x]) ==

Basis: Oy v% =0
Cce X

Note:lfpe z*V p + % € Z~,then [(d+ex?)"axis expressible as an algebraic function not involving logarithms, inverse

trig or inverse hyperbolic functions.

Rule:If pez*V p+ 2 ez, letu-f(a+ex)?ax, then
b
J(d+ex2)p(a+bArcSec[cx])d1x—»u(a+bArcSec[cx])—ch . dx — u (a+bArcSec[u]) - °x J . dx
Ve2x? Ve2x?-1 Ve Y xVex®-1

Program code:

Int[(d_.+e_.*x_"2)"p_.=*(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (d+e*x"2)"p,x]},

Dist[ (a+bxArcSec[cxx]),u,X] - bxcxx/Sqrt[c 2%x"2]+Int[SimplifyIntegrand[u/ (x*Sqrt[c 2+x"2-1]),x]1,x]] /;
FreeQ[{a,b,c,d,e},x] & & (IGtQ[p,0] || ILtQ[p+1l/2,0])

Int[(d_.+e_.*x_"2)"p_.*x(a_.+b_.xArcCsc[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (d+e*x"2)"p,x]},

Dist[ (a+b*ArcCsc[c*x]),u,X] + bxcxx/Sqrt[c 2xx2]+Int[SimplifyIntegrand[u/ (x*xSqrt[c"2+x"2-1]),x],x]] /;
FreeQ[{a,b,c,d,e},x] && (IGtQ[p,0] || ILtQ[p+1/2,0])



Rules for integrands of the form u (a+b arcsec(c x))™n

2: J(d+ex2)p (a+bArcSec[cx])"dx whenneZ* A pez

Derivation: Integration by substitution
Basis: ArcSec[z] == ArcCos | 1]
Basis:F{ﬂ == —Subst[F—%L, X, ﬂ @X%
Rule:lf ne z* A p € Z,then
J(d+ex2)p (a+bArcsec[cx])"dx — j(l)_zp (e+ iz]p (a+bAr‘cCos[i]]ndlx
X

X cX

e+dx?)? (a+bArcCos[*])" 1
— —Subst[J( ) ( [C]) dx, X, —]

x2 (p+1) X

Program code:

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcSec[c_.*x_])”n_.,x_Symbol] :=
-Subst[Int[ (e+d*x”2)*p* (a+bxArcCos[x/c])”n/x" (2% (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegerQ[p]

Int[(d_.+e_.*x_"2)"p_.*(a_.+b_.*ArcCsc[c_.*x_])”n_.,x_Symbol] :=
-Subst [Int[ (e+dxx2)px (a+bxArcSin[x/c])n/x" (2 (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && IntegerQ[p]



Rules for integrands of the form u (a+b arcsec(c x))™n

3. J(d+ex2)p (a+bArcSec[cx])"dx whennezZ* A c?d+e=0 A p+%ez

1: J(d+ex2)p(a+bArcSec[cx])"d1x whennez*A c2d+e=0 A p+%eZ Ae>0 Ad<o

Derivation: Piecewise constant extraction and integration by substitution

. 2
Basis: Oy drex? g
X /e+:—2

Basis: ArcSec[z] == ArcCos [ ﬂ
Basis:F[ﬂ - —Subst[F—%L, X, ﬂ B L

Basis: If e > @ A d < 9, then Jdiex® \/ X2

e+—
XZ

Rule:lff nez* A c*d+e=0 Ap+2eczZAe>0 Ad<o,then

Vd+ex? -2
== (7

p 1 n
—) (a +bArcCos[—]) dx
2 cXx
X e+%

X
X
2 e+dx?)? (a+bArcCos[%])"
e [ 122251 2]
X

x2 (p+1)

J\(d+ex2)p (a+bArcSec[cx])"dx —

X

—_ -

1
dx, X, —]
X

Program code:

Int[(d_.+e_.*x_"2)"p_=x(a_.+b_.*ArcSec[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[x”*2] /x*Subst [Int[ (e+d*x"2) *px (a+b*xArcCos [x/c])*n/x" (2* (p+1) ) ,x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] && IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

11



Rules for integrands of the form u (a+b arcsec(c x))™n

Int[(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsc[c_.*x_])"n_.,x_Symbol] :=
-Sqrt [x~2] /x*Subst[Int[ (e+d#x"2) ~p (a+bxArcSin[x/c]) n/x" (2% (p+1)),x],Xx,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

2: J(d+ex2)p (a+bArcSec[cx])"dx whennez* A c?d+e=0 A p+%ez A-(e>0 A d<0)

Derivation: Piecewise constant extraction and integration by substitution
) Basis: Oy diex? g

Basis: ArcSec[z] = ArcCos | ﬂ

Basis:F[ﬂ == —Subst[F—%L, X, ﬂ @X%

Rule:lf nez*A c?d+e=0Ap+LeczAn-(e>0 Ad<0),then

2
N Vd+ex? 1\-2p d\p 1 ,\n
(d+ex?)? (a+bArcSec[cx])"dx — —f(—] (e+—) [a+bAr‘cCos[—]) dx
X x2 cx
X e+:—2

(a+ bAr‘cCos[f])"

Vdrex? (e+dx?)? 1
— ——Subst[ dx, X, —]
XZ(P+1) X

xferd

Program code:

Int[(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcSec[c_.*x_])”n_.,x_Symbol] :=
-Sqrt[d+exx”*2] / (xxSqrt[e+d/x*2]) *Subst [Int[ (e+d*x"2) *p* (a+bxArcCos[x/c])*n/x" (2% (p+1) ) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[n,0@] & EqQ[c”2xd+e,0] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

Int[(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsc[c_.*x_])"n_.,x_Symbol] :=
-Sqrt [d+exx"2]/ (x+Sqrt[e+d/x"2]) xSubst[Int [ (e+d+x"2) "p« (a+bxArcSin[x/c]) n/x" (2% (p+1)),x],Xx,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

12



Rules for integrands of the form u (a+b arcsec(c x))™n

5. J(-Fx)"' (d+ex*)? (a+bArcsec[cx])"dx when nez*

1. J(fx)'" (d+ex?)” (a+bArcSec[cx]) dx when

(pez* A - ("‘;—1&2‘/\ m+2p+3>0))v(%ez+/\ ~(pez A m+2p+3>0))v(’"*—22"*—1e2‘/\ "‘2;1¢Z‘)

1: Jx (d+ex?)? (a+bArcSec[cx]) dx when p # -1

Derivation: Integration by parts and piecewise constant extraction

d+e x2)P?

e 2\p __
Basis: x (d+ex ) = 0% S pi1)

Basis: Ox (a + bArcSec[c x]) = T2 1
c° X Ce X“—

Basis: 0 X —
X Jix2
Rule: If p #+ -1, then
(d+ exz)p+1 (a+bArcSec[cx]) bc (d+ exz)"*1
jx (d+ex?)? (a+bArcSec[cx]) dx — - dx
2e (p+1) 2e (p+1) ,\/czxz "/czxz—l
(d+ exz)p+1 (a+bArcSec[cx]) bcx (d+ exz)"”'1
— - J dx
2e (p+1) 2e(p+1) Ve2x® I xVe2x2-1

Program code:

Int[x_=*(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :
(d+exx”2)~ (p+1) * (a+bxArcSec[c*x]) / (2+ex (p+1)) -
bxcxx/ (2xex (p+1) *Sqrt [c*2xx”2]) *Int[ (d+exx”*2)~ (p+1) / (x*Sqrt[c”2xx"2-1]),x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[p,-1]

Int[x_=*(d_.+e_.*x_"2)"p_.*(a_.+b_.*ArcCsc[c_.*x_]),x_Symbol] :
(d+exx”2) ~ (p+1) * (a+bxArcCsc[c*x]) / (2xex (p+1)) +
bxcxx/ (2xex (p+1) *Sqrt[c*2xx”2]) *Int[ (d+exx”*2)~ (p+1) / (x*Sqrt[c”2xx"2-1]),x] /;
FreeQ[{a,b,c,d,e,p},x] && NeQ[p,-1]



Rules for integrands of the form u (a+b arcsec(c x))™n

2: J-(fx)'" (d+ex?)? (a+bArcSec[cx]) dx when

(pez*A -~ ("Fez Am+2p+3>0)) Vv (mrez A - (pez Am+2p+350)) Vv (™2 ez A =lez)

Derivation: Integration by parts and piecewise constant extraction

bc
Ve2x? AJe?x2-1

Basis: Ox (a + b ArcSec[c x]) ==

Basis: 0 X -
X

Note:If (pez"A ~ (mt ez Am+2p+3>0))V ,
(Mlez A~ (pez Am+2p+3>0))V (™2l ez A "lgz)
then [(£x)" (d+ex?)?ax is expressible as an algebraic function not involving logarithms, inverse trig or inverse

hyperbolic functions.

Rule:If (pezA - ("tez Am+2p+3>0))V ,
(Mt ez A-(peZ Am+2p+3>0)) Vv (™2l ez A B2 gz

letu- J(fx)" (d+ex?)?ax, then

u
J(fx)'" (d+ex*)? (a+bArcSec[cx]) dx — u (a+bArcSec[cx]) —bcj dx
Ve2x? ve2x?i-1
bcx u
— u (a+bArcSec[u]) - J dx
Ve Y xVex®-1

Program code:

Int[ (F_.*x_)™m_.x(d_.+e_.#x_"2)"p_.(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (fxx) mx (d+exx"2)"p,x]},

Dist[ (a+bxArcSec[cx]),u,X] - bxcxx/Sqrt[c 2sx"2]+Int[SimplifyIntegrand[u/ (x*Sqrt[c"2+x"2-1]),x],x]] /;
FreeQ[{a,b,c,d,e,f,m,p},x] && (

IGtQ[p,0] && Not[ILtQ[(m-1)/2,0] && GtQ[m+2#p+3,0]] ||

IGtQ[ (m+1) /2,0] & Not[ILtQ[p,0] && GtQ[m+2%p+3,0]] ||

ILtQ[ (m+2xp+1) /2,0] &% Not[ILtQ[ (m-1)/2,0]])



Rules for integrands of the form u (a+b arcsec(c x))™n

Int[ (F_.*x_)™m_.x(d_.+e_.#X_"2)"p_.(a_.+b_.+ArcCsc[c_.*x_]),x_Symbol] :=

With[{u=IntHide[ (f*x) mx (d+exx"2)"p,x]},

Dist[ (a+b*ArcCsc[cxx]),u,X] + bxcxx/Sqrt[c 2sx 2] +Int[SimplifyIntegrand[u/ (x*Sqrt[c"2+x"2-1]),x],x]] /;
FreeQ[{a,b,c,d,e,f,m,p},x] && (

IGtQ[p,0] && Not[ILtQ[(m-1)/2,0] & GtQ[m+2%p+3,0]] ||

IGtQ[ (m+1) /2,0] && Not[ILtQ[p,0] && GtQ[m+2xp+3,0]] ||

ILtQ[ (m+2xp+1) /2,0] &% Not[ILtQ[ (m-1)/2,0]])

2: jxm (d+ex?)? (a+bArcSec[cx])"dx whennezZ*AmeZ A pez

Derivation: Integration by substitution

Basis: ArcSec[z] == ArcCos [ ﬂ
- Basis:F[ﬂ - —Subst[F—)%L, X, ﬂ @Xi

Rule:lf neZzZ*Amez A p e Z,then

n

, 1\-m-2p d\p 1
J-Xm (d+ex)p(a+bAr‘cSec[cX])"le—>j(—] (e+—2) [a+bArcCos[—]) dx
X X cX

(e+dx?)? (a+bArcCos[2])" 1
— -Subst[ dx, X, _]
X

Xm+2 (p+1)

Program code:

Int[x_"m_.x(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcSec[c_.xx_])"n_.,x_Symbol] :=
-Subst [Int [ (e+d*x”"2) ~p* (a+bxArcCos[x/c])*n/x* (m+2% (p+1)),x],X,1/X] /;
FreeQ[{a,b,c,d,e,n},x] & IGtQ[n,0] && IntegerQ[m] && IntegerQ[p]

Int[x_"m_.x(d_.+e_.*x_"2)"p_.*(a_.+b_.xArcCsc[c_.*x_])"n_.,x_Symbol] :=
-Subst [Int[ (e+dxx"2) "px (a+bxArcSin[x/c])"n/x* (m+2x (p+1)),x],x,1/x] /3
FreeQ[{a,b,c,d,e,n},x] & IGtQ[n,0] && IntegerQ[m] && IntegerQ[p]



Rules for integrands of the form u (a+b arcsec(c x))™n

3. Jx"‘ (d+ex?)? (a+bArcSec[cx])"dx whennez* A c*>d+e=0 AmeZ A p+§ez

1: Jx"‘ (d+ex?)? (a+bArcSec[cx])"dx whennez*A c?d+e=0 A MEZ A p+%ez Ae>0Ad<o

Derivation: Piecewise constant extraction and integration by substitution

= . 2
Basis: Oy drex? g
X /e+:—2

Basis: ArcSec [z] == ArcCos [ ﬂ

Basis: F | L] = —Subst[F—)%L, x, L] oxt
|
Basis:If e >0 A d<@,then@ == 4/ X2
erd
Rule:lff nez* A c*d+e=0 AmezZ Ap+>eZAe>0Adc<o,then

d+—ex2J*(1)""-2" (e+ %Jp (a+bArcCos[i])nd1x

X X

J\x“‘ (d+ex?)? (a+bArcSec[cx])"dx —

d
X e+ —
XZ

VX_Z Subst[J(e * dx2) (a + bAr‘ccos[f])

—_ -

g 1
X, X, —
X me2 (p+l) > x]

Program code:

Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcSec[c_.*x_])”"n_.,x_Symbol] :=
-Sgrt[x”*2] /x*Subst [Int[ (e+d*x"2) *p* (a+bxArcCos [x/c])*n/x" (m+2x (p+1)),x],x,1/x] /;
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]
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Rules for integrands of the form u (a+b arcsec(c x))™n
Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsc[c_.*x_])"n_.,x_Symbol] :=

-Sqrt [x~2] /x*Subst[Int[ (e+d#x"2) ~p* (a+b*ArcSin[x/c]) n/x" (m+2% (p+1)),X],x,1/x] /3
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c*2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && GtQ[e,0] && LtQ[d,0]

2: Jx"‘ (d+ex?)? (a+bArcSec[cx])"dx whennez*A c?’d+e=0 A mMEZ A p+%ez A-(e>0 A d<0)

Derivation: Piecewise constant extraction and integration by substitution

- . 2
BaSIS: @X @ —— e
X le+:7

Basis: ArcSec [z] == ArcCos [ ﬂ

Basis:F[ﬂ == —Subst[F—%L, X, ﬂ @X%
Rule:lf nez* A c*>d+e=@0AmeZ Ap+3€eZ A~ (e>0Ad<0),then
Vd+ex? 1)-m-2p dp 14\
m 2\p n — + — + R
J\x (d+ex?)? (a+bArcSec[cx])"dx — J[x) [e xz] (a bAr‘cCos[cx]) dx

d
X e+ —
XZ

(a+ bAr‘cCos[f])"

Vdrex? (e+dx?)? 1
— ——Subst[ dx, X, —]
Xm+2(p+1) X

xyest

Program code:

Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcSec[c_.*x_])"n_.,x_Symbol] :=
-Sqrt[d+exx”*2] / (xxSqrt[e+d/x*2]) *Subst [Int[ (e+d*Xx"2) *p* (a+bxArcCos[x/c])*n/x" (m+2* (p+1)) ,x],X,1/x] /;
FreeQ[{a,b,c,d,e,n},x] &% IGtQ[n,0] & EqQ[c”2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]

Int[x_"m_.*(d_.+e_.*x_"2)"p_=(a_.+b_.*ArcCsc[c_.*x_])"n_.,x_Symbol] :=
-Sqrt [d+exx"2]/ (x+Sqrt[e+d/x"2]) xSubst[Int [ (e+d+x"2) ~p (a+bxArcSin[x/c]) n/x" (m+2x (p+1)),x],X,1/x] /3
FreeQ[{a,b,c,d,e,n},x] & & IGtQ[n,0] && EqQ[c”2xd+e,0] && IntegerQ[m] && IntegerQ[p+1/2] && Not[GtQ[e,0] && LtQ[d,0]]



Rules for integrands of the form u (a+b arcsec(c x))™n

6: Ju (a+bArcSec[c x]) dx when Ju dx is free of inverse functions

Derivation: Integration by parts

Basis: Ox (a + b ArcSec[c x]) ==

Rule: Letv - J u dx, if v is free of inverse functions, then

b \'
Ju (a+bArcSec[cx]) dx — v (a+bArcSec[cx]) - —J— dx
c
2 1

X 1-

2,2

c° X

Program code:

Int[u_=*(a_.+b_.xArcSec[c_.*x_]),x_Symbol] :=
With[{v=IntHide[u,x]},
Dist[ (a+bxArcSec[c*x]),V,X] -
b/cxInt[SimplifyIntegrand[v/ (x*2xSqrt[1-1/(c"2%x*2)]),x],x] /;
InverseFunctionFreeQ[v,x]] /5
FreeQ[{a,b,c},x]

Int[u_=*(a_.+b_.*ArcCsc[c_.*x_]),x_Symbol] :=
With[{v=IntHide[u,x]},
Dist[ (a+bxArcCsc[c*x]),V,X] +
b/c+Int[SimplifyIntegrand[v/ (x*2+Sqrt[1-1/ (c"2%x"2)1),Xx],x] /;
InverseFunctionFreeQ[v,x]] /5
FreeQ[{a,b,c},x]
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Rules for integrands of the form u (a+b arcsec(c x))™n 19

X: |u (a+bArcSec[cx])"dx

Rule:

ju (a+bArcSec[cx])"dx — |u (a+bArcSec[cx])"dx

Program code:




